The disformal transformation of metric gµν → Ω 2 (φ)gµν + Γ(φ, X)∂µφ∂νφ, where φ is a scalar field with the kinetic energy X = ∂µφ∂ µ φ/2, preserves the Lagrangian structure of Gleyzes-LangloisPiazza-Vernizzi (GLPV) theories (which is the minimum extension of Horndeski theories). In the presence of matter, this transformation gives rise to a kinetic-type coupling between the scalar field φ and matter. We consider the Einstein frame in which the second-order action of tensor perturbations on the isotropic cosmological background is of the same form as that in General Relativity and study the role of couplings at the levels of both background and linear perturbations. We show that the effective gravitational potential felt by matter perturbations in the Einstein frame can be conveniently expressed in terms of the sum of a General Relativistic contribution and couplings induced by the modification of gravity. For the theories in which the transformed action belongs to a class of Horndeski theories, there is no anisotropic stress between two gravitational potentials in the Einstein frame due to a gravitational de-mixing. We propose a concrete dark energy model encompassing Brans-Dicke theories as well as theories with the tensor propagation speed ct different from 1. We clarify the correspondence between physical quantities in the Jordan/Einstein frames and study the evolution of gravitational potentials and matter perturbations from the matter-dominated epoch to today in both analytic and numerical approaches.
I. INTRODUCTION
The large-distance modification of gravity has been under active study in connection to the dark energy problem [1, 2] . Modifications of the Einstein-Hilbert term R/(16πG) in the Lagrangian of General Relativity (GR), where R is the Ricci scalar and G is the Newton gravitational constant, generally give rise to a radiative scalar degree of freedom φ [3, 4] . Provided that the fifth force mediated by this new degree of freedom is suppressed in the solar system through Vainshtein [5] or chameleon [6] mechanisms, the same scalar field can potentially be the source for the late-time cosmic acceleration.
Horndeski theories [7] are known as the most general scalar-tensor theories with one scalar degree of freedom whose equations of motion are kept up to second-order in time and spatial derivatives (see also Refs. [8] ). Many of dark energy models proposed in the literature-such as f (R) gravity [9, 10] , Brans-Dicke (BD) theory [11, 12] , kinetic braidings [13] , and Galileons [14, 15] -belong to a sub-class of Horndeski theories. In the presence of additional matter, the authors in Ref. [16] derived linear perturbation equations of motion on the flat FriedmannLemaître-Robertson-Walker (FLRW) background to confront dark energy models in the framework of Horndeski theories with the observations of large-scale structures, weak lensing, and Cosmic Microwave Background (CMB) (see also Refs. [17] [18] [19] [20] [21] [22] ).
In BD theories, a scalar degree of freedom φ is coupled to the Ricci scalar R of the form φR [23] . The frame in which matter fields are minimally coupled to the metric is dubbed the Jordan frame (JF). The standard interpretation of measurements is usually performed in this frame. In the JF of BD theories, the scalar field φ mediates a fifth force with matter through its gravitational interaction with the metric. This interaction can be clearly seen in the Einstein frame (EF) where the Lagrangian is described by the Einstein-Hilbert term plus a canonical scalar field [24] [25] [26] . In the EF, matter fields feel a metric g µν conformally related to the EF metricĝ µν of the form g µν = Ω 2 (φ)g µν , where Ω(φ) is a conformal factor that depends on φ [4, 6, 27] .
For the theories in which field derivatives are coupled to the metric, the conformal transformation can be extended to a more general mapping of the metricdubbed the disformal transformation [28] . In fact, the structure of the Lagrangian in Horndeski theories is preserved under the so-called disformal transformation g µν = Ω 2 (φ)g µν + Γ(φ)∂ µ φ∂ ν φ, where Ω and Γ are functions of φ [29, 30] . In the presence of matter fields, the disformal transformation helps us to understand the physical content of mixing between φ and matter [31] [32] [33] [34] [35] [36] [37] [38] .
Gleyzes, Langlois, Piazza, and Vernizzi (GLPV) [39] proposed a generalized version of Horndeski theories by expressing the Horndeski Lagrangian in terms of the Arnowitt-Deser-Misner (ADM) decomposition of spacetime [40] with the choice of the unitary gauge. This generally generates derivatives higher than second order, but there is only one radiative scalar degree of freedom on the FLRW background [41, 42] . The Lagrangian structure of GLPV theories is preserved under the disformal transformation of the form g µν = Ω 2 (φ)g µν + Γ(φ, X)∂ µ φ∂ ν φ ,
where Γ depends on φ and its kinetic energy X = ∂ µ φ∂ µ φ/2 [43] . In the single field system, it was shown that the invariance of curvature perturbations ζ and tensor perturba-tions γ ij holds under the disformal transformation (1.1) [44] [45] [46] (see also Refs. [35, [47] [48] [49] [50] for related works). For appropriate choices of Ω and Γ, it is possible to transform the action to that in the EF where the second-order action of tensor perturbations is of the same form as that in GR [44, 51, 52] . This property is useful for the computation of primordial scalar and tensor power spectra generated during inflation [44] . Since the leading-order tensor power spectrum in GLPV theories is proportional to the Hubble parameter squaredĤ 2 in the EF, the detection of primordial gravitational waves can determine the energy scaleĤ during inflation.
In GLPV theories, even though matter is minimally coupled to gravity in the JF, there is a mixture between the propagation speeds of the scalar field φ and matter [39, 53] . This comes from a kinetic-type mixing associated with the presence of higher-order derivatives beyond the Horndeski domain, which is weighed by a parameter α H characterizing the deviation from Horndeski theories [39, 54, 55] . The disformal transformation (1.1), which contains higher-order derivatives, is helpful to understand the origin of such a kinetic mixing affecting the scalar and matter sound speeds [43] .
If the scalar degree of freedom φ in Horndeski theories is responsible for dark energy, the tensor propagation speed c t is typically close to 1 during the early cosmological epoch [56] . This is not the case for GLPV theories, in which the deviation from c t = 1 is allowed due to the absence of extra conditions Horndeski theories obey. Recently, dark energy models with constant c t [55] and varying c t [56] have been proposed in the framework of GLPV theories. In particular, the latter provides an interesting possibility of realizing weak gravity for the perturbations relevant to redshift-space distortions [57, 58] .
In GLPV theories with c t different from 1, the disformal transformation (1.1) to the EF should allow us to understand the structure of the matter-scalar couplings mentioned above. For the models proposed in Refs. [55, 56] the anisotropy parameter η = −Φ/Ψ between two gravitational potentials Ψ and Φ deviates from 1 in the JF, but we will see that it is possible to de-mix the gravitational potentials and the scalar field in such a way that there is no anisotropic stress between Ψ and Φ in the EF. Moreover, we will show that the effective gravitational coupling with matter can be well understood in the EF due to the separation of a GR-like contribution and modifications arising from α H .
In this paper we obtain relations of physical quantities between the JF and the EF under the disformal transformation (1.1) and study roles of gravitational couplings with matter at the levels of both background and linear perturbations. A similar prescription was taken in Ref. [38] with the disformal transformationĝ µν = Ω 2 (φ)g µν + Γ(φ)∂ µ φ∂ ν φ, but our treatment is more general in that it is not restricted to the transformation between Horndeski theories alone. We employ the approach of effective field theory of cosmological perturbations [59] [60] [61] [62] [63] [64] [65] [66] , allowing to encompass GLPV theories as a specific case. We propose a new dark energy model in the framework of GLPV theories, which accommodates models with c 2 t = 1 as well as models based on BD theories (which lead to "coupled quintessence" models [67] in the EF).
Our paper is organized as follows. In Sec. II we briefly review GLPV theories and in Sec. III we show how the GLPV action is transformed under the disformal transformation (1.1) in the presence of matter. In Sec. IV we present linear perturbation equations of motion on the flat FLRW background in both the JF and the EF. In Sec. V we consider the transformation to the EF and discuss the matter-scalar coupling in the EF. In Sec. VI we propose a new dark energy model belonging to GLPV theories and study the correspondence of physical quantities between the JF and the EF in detail. Section VII is devoted to conclusions.
II. GLPV THEORIES IN THE PRESENCE OF MATTER
GLPV theories [39] are the generalizations of Horndeski theories written in terms of ADM scalar quantities defined below [68] . We begin with the line element
where N is the lapse function, N i is the shift vector, and h ij is the three-dimensional spatial metric. We express the three-dimensional Ricci tensor on the constant time hyper-surfaces Σ t , as R µν = (3) R µν . The extrinsic curvature is defined by K µν = h λ µ n ν;λ , where n µ = (−N, 0, 0, 0) is a unit vector orthogonal to Σ t . We introduce a number of geometric scalar quantities, as
Horndeski theories, which have one scalar degree of freedom φ, can be reformulated by using the above geometric scalars with the choice of unitary gauge
under which φ depends on the cosmic time t alone. On the flat FLRW background with the scale factor a(t), the Lagrangian of Horndeski theories can be expressed in the form [68] 
where
, and A i , B i are functions of N and t satisfying the two conditions [39] A 4 = 2XB 4,X − B 4 ,
where B i,X ≡ ∂B i /∂X with X ≡ g µν ∂ µ φ∂ ν φ. In the unitary gauge we have X = −φ 2 (t)/N 2 , where a dot represents a derivative with respect to t. Hence the dependence on N and t translates to that on X and φ.
Violation of the conditions (2.5) can generally give rise to derivatives higher than second order, but it was shown in Refs. [39, 41, 42] that there is only one scalar propagating degree of freedom on the flat FLRW background. GLPV theories are described by the Lagrangian (2.4) without having the two conditions (2.5). In this paper we focus on GLPV theories in the presence of a matter field Ψ m described by the Lagrangian L m . Then, we consider the following action
where g is the determinant of metric g µν , and L is given by Eq. (2.4). The matter field Ψ m is assumed to be a barotropic perfect fluid, which can be modeled by a kessence Lagrangian P (Y ) depending on the kinetic term Y = g µν ∂ µ χ∂ ν χ of a scalar field χ [54, 55, 69] . The term K 3 in Eq. (2.4) can be expressed as K 3 = 3H(2H 2 − 2KH + K 2 − S) up to second order in the perturbations [68] , where H is the Hubble parameter defined later in Eq. (4.1). Hence the Lagrangian (2.4) of GLPV theories depends on N, K, S, R, U, and t up to linear order in the perturbations.
We assume that, in the JF, the matter field Ψ m is minimally coupled to the metric g µν . The matter energymomentum tensor following from L m is given by
We can derive the background and linear perturbation equations of motion by varying the action (2.6) up to first and second orders in the perturbations, respectively [53, 68, 70] .
III. DISFORMAL TRANSFORMATIONS
In this section we discuss how background/perturbed quantities and the action (2.6) are mapped under the disformal transformation (1.1).
A. Transformation of background and perturbed quantities
In the unitary gauge (2.3), the line element dŝ 2 = g µν dx µ dx ν in the transformed frame reads [35, 44] 
In the JF, let us consider the linearly perturbed line element on the flat FLRW background,
whereN is the background value of the lapse; A, ψ, ζ, E are the scalar metric perturbations; γ ij is the tensor perturbation, and the lower index " |i " denotes the covariant derivative with respect to the three-dimensional metric h ij . Comparing Eq. (2.1) with Eq. (3.4), we have the
Introducing the scale factorâ(t) in the transformed frame, asâ
the three-dimensional metricĥ ij in Eq. (3.2) reduces tô
In what follows we use an over-hat for quantities in the transformed frame. From Eq. (3.8), the perturbations ζ, E, and γ ij are invariant under the disformal transformation (1.1) [44] . From Eq. (3.2) and the relationN i = N i we also obtainδ
where an over-bar represents background quantities, and
Since φ = φ(t) and X = −φ 2 (t)/N 2 in the unitary gauge, the quantities Γ and X in Eq. (3.10) contain the information of perturbations through the lapse function N .
B. Transformation of the action
The disformal transformation of the action
where L is the Lagrangian (2.4) of GLPV theories, was already discussed in Refs. [43, 44] . First of all, the volume element √ −g transforms as
In the unitary gauge, the intrinsic and extrinsic curvatures obey the transformation lawŝ
The action in the transformed frame S g = d 4 x √ −ĝL preserves the structure of original GLPV action, such thatL
wherê
16)
17)
18)
19)
The matter action in the transformed frame is given by
where L m depends on the JF metric g µν and the matter field Ψ m . By expressing g µν in terms of the metricĝ µν in the transformed frame from Eq. (1.1), it contains the contribution of φ and its derivative. Hence the scalar field φ is (kinetically) coupled to matter in the transformed frame. From Eq. (2.7) the transformation law of T µν is given by
On using Eqs. (1.1) and (3.11), it follows that [30]
The transformed metric with upper indices is given bŷ
From Eqs. (3.23) and (3.24) , the mixed energymomentum tensor obeys the transformation law:
For the choice of the unitary gauge (2.3), we obtain the relations
We decompose the energy-momentum tensor into the background and perturbed parts, as T For the linear perturbations, we havê
The quantity µ is related toᾱ andβ, as
In summary, the action in the transformed frame reads
whereL andL m are given, respectively, by Eqs. (3.14) and (3.21).
IV. EQUATIONS OF MOTION IN THE JF AND THE TRANSFORMED FRAME
In this section we present linear perturbation equations of motion on the flat FLRW background for the theories described by the action (2.6). We then study how they are transformed under the disformal transformation (1.1).
A. Equations of motion in the JF
The equations of motion in the JF were already derived in Refs. [43, [53] [54] [55] the background values of extrinsic and intrinsic curvatures are given, respectively, bȳ
and henceK = 3H,S = 3H 2 , andR =Ū = 0. The background and perturbation equations of motion follow from first-order and second-order Lagrangians, respectively, derived by expanding the action (2.6) up to quadratic order in perturbations. The perturbations of N, K, S are given by δN = N −N , δK = K − 3H, and δS = 2HδK + δK µ ν δK ν µ . We write the intrinsic curvature as R = δ 1 R + δ 2 R, where δ 1 R and δ 2 R are first-order and second-order perturbations, respectively. For the perturbation U, we have the relation
to a boundary term, where λ(t) is an arbitrary function with respect to t [68] .
We consider the perturbed metric (3.4) with the choice of unitary gauge
under which the temporal and spatial coordinate transformation vectors are fixed, respectively.
Background equations
Expanding the gravitational action
up to first order in the scalar perturbations, it follows that [43] 
and we dropped a boundary term irrelevant to the dynamics. Here and in the following, the coefficients in front of perturbed quantities [such as those in front of δN and δa in Eq. (4.4)] should be evaluated on the background. Variation of the matter energy-momentum tensor
From the variational principle δS g + δS m = 0, we obtain the background equations of motion
Since the matter component is not directly coupled to the field φ in the JF, it obeys the standard continuity equationρ
Perturbation equations
Expanding the action (2.6) with the Lagrangian (2.4) up to second order in scalar perturbations and taking the variation with respect to δN , ∂ 2 ψ, ζ, and the field perturbation δχ associated with the matter Lagrangian P (Y ), the resulting perturbation equations of motion in the presence of a barotropic perfect fluid are given, respectively, by [43, [53] [54] [55] 
The momentum perturbation δq obeys
Substituting Eq. (4.17) into Eq. (4.12) and using Eq. (4.18), it follows that
where we set the integration constant 0. We define the gauge-invariant Bardeen potentials [71] Ψ 20) and the anisotropy parameter
The effective gravitational potential associated with the deviation of light rays in CMB and weak lensing observations is given by [72] 
One can write Eq. (4.19) in the form
where c
is the tensor propagation speed squared discussed later in Sec. V, and
The parameter α H characterizes the deviation from Horndeski theories. Provided that one of the conditionṡ L ,S = 0, c 2 t =N 2 , and α H = 0 is satisfied, the anisotropic stress does not generally vanish (η = 1).
We define the gauge-invariant matter density contrast, as 26) where B ≡ ζ + V m , and k is a coming wave number. We define the effective gravitational coupling G eff , as
The gravitational potential Ψ contains the information of gravitational coupling with the scalar field φ. The modified gravitational interaction affects the evolution of matter perturbations through Eq. (4.26). The evolution of Ψ and G eff is known by solving the coupled Eqs. (4.10)-(4.13) with Eq. (4.18). On using Eqs. (4.10) and (4.11), the second-order action of scalar perturbations can be expressed in terms of ζ, δχ, and its derivatives. Assuming that the matter sector does not correspond to a ghost mode, the scalar ghost is absent under the condition [53, 68] 
In GLPV theories there is a mixing between the scalar propagation speed c s and the matter sound speed c m . For non-relativistic matter characterized by P = +0 and δP = +0, we have c 2 m = +0 in the small-scale limit, while c 2 s is given by [39, 53, 56] 
This shows that the deviation from Horndeski theories (α H = 0) modifies the scalar sound speed. We require c 2 s > 0 to avoid Laplacian instabilities.
B. Equations of motion in the transformed frame
In the transformed frame described by the action (3.33), we also derive the background and perturbation equations of motion. The cosmic timet in the transformed frame is related to t in the JF, aŝ t = N dt . (4.31)
Background equations
Following the same procedure as that in the JF, we obtain the background equations of motion 33) whereF ≡L ,K + 2ĤL ,Ŝ and
The relations of the quantitiesN,Ĥ,F ,L,L ,N with those in the JF are given in Appendix A (see also Ref. [44] ).
Using these relations as well as the background equations (4.7)-(4.8) in the JF and the correspondence (3.27), we can also derive Eqs. (4.32)-(4.33). The continuity equation (4.9) in the JF can be expressed in terms ofρ andP on account of Eq. (3.27). Then, the corresponding equation in the transformed frame is given by
The rhs of Eq. (4.35) describes the coupling between matter and the scalar degree of freedom.
Perturbation equations
In the transformed frame, the perturbation equations following from the variations with respect toδ N , ∂ 2ψ , andζ are given, respectively, by 
This is of the same form as Eq. (4.18) in the JF. Similarly, the density perturbationδρ obeys
the form of which is modified relative to Eq. (4.13) in the JF. This modification comes from an explicit coupling between matter and the scalar degree of freedom in the transformed frame. From Eqs. (4.39) and (4.40) it follows that
We introduce the gauge-invariant Bardeen potentials in the transformed frame, aŝ
From Eq. (4.42) we obtain the relation similar to Eq. (4.23) with additional over-hats to each quantity. As we see in Sec. V, it is possible to find a metric frame in which some of the terms generating the anisotropic stress vanish.
We also introduce the gauge-invariant matter density contrast, asδ 
V. EINSTEIN FRAME
We define the EF in which the second-order action of tensor perturbations γ ij is of the same form as that in GR [44] . In the following we discuss the transformation of the action in the JF frame to that in the EF.
A. Transformation to the EF
Expanding the action (2.6) with the Lagrangian (2.4) in terms of tensor perturbations γ ij , the resulting quadratic action of γ ij in the JF is given by
In Eq. (5.1) the quantities q t and c 2 t should be evaluated on the background, such that the kinetic term X appearing in L ,S = −A 4 − 3HA 5 and E = B 4 +Ḃ 5 /(2N ) corresponds to the time derivativeX(t) = −φ 2 (t)/(2N 2 ). We require the conditions q t > 0 and c 2 t > 0 to avoid ghosts and Laplacian instabilities. In GR we have
2 (where M pl is the reduced Planck mass).
Under the disformal transformation (1.1) the tensor perturbation is invariant, see Eq. (3.8). Hence the second-order tensor action in the transformed frame reads
3) with Eq. (5.1) and using the relation (3.6), it follows thatq
The EF corresponds to a frame in which bothq t andĉ 2 t
are of the same forms as those in GR, i.e.,q
The tensor action (5.1) in the JF can be transformed to that in the EF for the choice
The quantities q t and c 
Since both α and β are functions of t, we have µ = 0 = ν from Eq. (3.31). Then, the coupling (4.36) reduces to
If c t =N , then Γ = 0 and Q = −(ω/N )(ρ − 3P ). This case corresponds to the well-known conformal transformation arising e.g., in BD theory [67] . For radiation (ρ = 3P ) the coupling Q vanishes, but for non-relativistic matter (P = 0), we have that Q = −(ω/N )ρ. If C t varies in time, the last term on the rhs of Eq. (5.7) does not vanish even for radiation.
B. Background equations in the EF
The choice (5.5) corresponds to the conditionŝ
Using the relation (5.9), the background Eqs. (4.32) and (4.33) in the EF can be written in the following forms:
From Eqs. (3.27) and (5.6), the matter equation of state w = P/ρ is invariant under the transformation to the EF, i.e., P/ρ =P /ρ. The energy densityρ DE and the pressureP DE obey the equation of motion [54, 70] . In other words, two theories with different values of c 2 t lead to the same background dynamics for given A 2,3,4,5 . This implies that the coupling −Ċ t /(N C t )ρ appearing in Eq. (5.7) does not essentially modify the background physics even for the theories in which C t varies in time. In Sec. VI we shall confirm this property for a concrete dark energy model. The full GLPV action cannot be mapped to the full Horndeski action under the disformal transformation [43, 44] 
whereB ≡ζ +V m , and
The effective potentialΨ g characterizes the strength of gravitational coupling with matter. In the EF, it is clear thatΨ g is expressed in terms of the sum of the gravitational potentialΨ and contributions from the variations of Ω and C t as well as the difference of C t from 1. For the theories with C t = 1, which is the case for BD theories, the variation of the conformal factor Ω gives rise to the modification toΨ. The deviation of C t from 1 and the variation of C t occur for the theories studied in Refs. [55, 56] , in which case the gravitational interaction is modified as well. On using the correspondenceδ N /N = δN/N and ψ/N = Ωψ/(N C t ), the gravitational potentialΨ can be expressed by using Ψ in the JF. Then, we obtain the simple relationΨ
This shows that the effective potentialΨ g is directly related to Ψ appearing in the matter perturbation Eq. (4.26) in the JF. Once we find the evolution ofΨ g in the EF, the potential Ψ and the effective gravitational coupling G eff in the JF are known accordingly.
D. Model belonging to Horndeski theories in the EF
One example of realizingα H = 0 in the EF is the model described by the JF Lagrangian Under the disformal transformation with the factors Thus, for the Lagrangian (5.22), the disformal transformation allows one to de-mix the gravitational potentials in the EF, such that the anisotropy parameterη = −Φ/Ψ is equivalent to 1. While the gravitational potentials are de-mixed in the EF, the matter perturbationδ m is subject to gravitational mixing described by the effective potential (5.20) mediated by the scalar field φ. Multiplying the term 3NĤ for Eq. (4.38) and taking the sum with Eq. (4.37), one can relateδ m with metric perturbations. Let us employ the sub-horizon approximation [73] under which the dominant contributions to the lhs of Eqs. (4.37) and (4.38) In Sec. VI we consider a concrete model belonging to the Lagrangian (5.22) and study the correspondence of physical quantities between the JF and the EF in detail.
VI. CONCRETE MODEL
We study a dark energy model described by the action (2.6), where the Lagrangian L is given by Eq. (5.22) . We consider the following functions
where ǫ(φ), V (φ), F 1 (φ), and F 2 (φ) are functions that depend on φ, i.e., on t in the unitary gauge. The dependence of A 2 and A 3 on N arises in the kinetic term
To accommodate BD theory [23] as well as theories recently proposed in Refs. [55, 56] , we choose the functions
where q 1 , q 2 , c ti are positive constants. We assume that q 1 , q 2 ≪ 1 for the compatibility with observations [67, 75] . In Horndeski theories, the first condition of Eq. (2.5) demands that F 2 (φ) is equivalent to F 1 (φ). The original BD theory without the field potential corresponds to the case V (φ) = 0 and F 2 (φ) = F 1 (φ) with the BD parameter ω BD = (1 − 6q 1 There are some models like kinetic braidings [13] in which the dependence ofÂ 3 onN modifies the gravitational coupling; see Refs. [16, 74] .
Let us first consider theoretical consistent conditions in the JF. In the following we set the background value of the lapseN to be 1. From Eqs. (5.2) and (4.28) the conditions for avoiding tensor and scalar ghosts are given, respectively, by
which are satisfied for F 1 > 0. The tensor and scalar propagation speed squares are given, respectively, by
Under the no-ghost condition F 1 > 0, the condition (6.5) is satisfied for F 2 > 0. For the theories with q 1 = q 2 , c 
where V 1 , V 2 , λ 1 , λ 2 are positive constants. Provided the first potential on the rhs of Eq. (6.8) dominates over the second one, the scaling solution with the constant ratio Ω m /x 2 1 is realized during radiation and matter eras [77] . The solution exits from the scaling regime to the epoch of cosmic acceleration due to the existence of the second potential. We shall consider the situation in which the slopes λ 1 and λ 2 are in the range
for consistency with the big-bang nucleosynthesis [78] and the late-time cosmic acceleration [1] . There are seven free parameters (q 1 , q 2 , c ti , V 1 , V 2 , λ 1 , λ 2 ) in our model.
A. Transformation to the Einstein frame
For the theories given by the functions (6.1), the two factors (5.25) and (5.26) transforming to the EF are given, respectively, by
We also have
Then the action in the EF is given by Eq. (3.33) with the Lagrangian (5.27), wherê
13) 14) and the EF frame potential
For the JF potential (6.8) it follows that
3 ti , and
For the theories with q 1 = q 2 (i.e., c 2 t = constant) the termÂ 3 vanishes, in which case the Lagrangian (5.27) corresponds to that of the canonical scalar field φ coupled to matter.
B. Background dynamics
From Eqs. (4.7)-(4.9) the background equations of motion in the JF are given by
These equations depend on the function F 1 (φ) but not on F 2 (φ), so the quantities q 2 and c 2 ti are irrelevant to the background dynamics. This means that the theories with same q 1 and different q 2 (i.e., same A 4 and different B 4 ) cannot be distinguished from each other for the background cosmology in the JF [54] .
The disformal transformation to the EF corresponds to the change of tensor propagation speed squared c
2 , so the quantity q 2 arises in the EF. Nevertheless we are dealing with the same physics in the two frames, so any physical condition (such as the stability of fixed points) should not be subject to change. In what follows we shall study the correspondence of background quantities between the EF and the JF.
Einstein frame
The background equations of motion in the EF are given by Eqs. (5.11)-(5.12), wherê
21)
The matter fluid and the scalar field φ obey Eqs. (4.35) and (5.15), respectively, with
The first term on the rhs of Eq. (6.23) arises for the standard coupled dark energy scenario characterized by q 1 = q 2 and c 2 ti = 1 [67] . The second term on the rhs of Eq. (6.23) does not vanish for the theories with q 1 = q 2 (i.e. time-varying c 2 t ). To discuss the background dynamics in the EF, it is convenient to introduce the dimensionless quantitieŝ
where a prime represents a derivative with respect tô N = Ĥ dt. Recall that the matter equation of state w is invariant under the disformal transformation to the EF. In the following we assume that w is constant. From Eq. (5.11) there is the relationΩ DE +Ω m = 1.
The variablesx 1 andx 2 obey the differential equations
whereǫ H is related to the effective equation of stateŵ eff of the system, asŵ eff = −1 + 2ǫ H /3. The field density parameter and the equation of state are given, respectively, bŷ
If µ is constant, which is the case for the exponential potentialV (φ) = V 0 e −µφ/M pl , there are five fixed points characterized by constantx 1 andx 2 . They are summarized in Table I .
For the fixed point (a), the field density parameter readŝ 30) so that bothΩ DE andx 1 vanish for radiation (w = 1/3).
for the point (a). When w = 0, this corresponds to the φ-matter-dominated era (φMDE) [67] characterized byŵ eff =Ω DE = 2q Since the effective equations of stateŵ eff for the points (b1) and (b2) are 1, they are neither relevant to radiation/matter eras nor the late-time cosmic acceleration.
The point (c) is the scalar-field dominated point (Ω DE = 1) relevant to dark energy. When q 2 = q 1 we havex 1 = µ/ √ 6,x 2 = 1 − µ 2 /6, andŵ eff = −1+µ 2 /3, so the cosmic acceleration occurs for µ 2 < 2. For q 2 = q 1 , w eff is close to −1 provided that q 1 , q 2 , µ are smaller than the order of 1.
The point (d) corresponds to the scaling solution with the field density parameter (a)
Eq. (6.30)
Eq. (6.31) Table I . The fixed points in the EF and corresponding values ofŵ eff andΩDE for the system characterized by the autonomous Eqs. (6.25)-(6.26) with Eq. (6.27). The scaling radiation and matter points (d) are stable for µ 10 and q1, q2 ≪ 1, whereas the accelerated point (c) is stable for µ 1 and q1, q2 ≪ 1. The potential (6.16) allows for the transition from the matter point (d) with µ ≃ µ1 10 to the point (c) with µ ≃ µ2 1.
In the presence of radiation (w = 1/3), the eigenvalues of the point (d) are given bŷ 
]. For µ 10 and q 1 , q 2 ≪ 1, the eigenvalues (6.34) are again imaginary with negative real parts. Thus, the first potential on the rhs of Eq. (6.16) leads to the scaling radiation and matter eras driven by the fixed point (d) with µ = µ 1 .
The point (a) can be potentially relevant to radiation and matter eras, but one of the eigenvalues is positive, i.e.,κ [79] , in which case the matter era is replaced by the φMDE (a) [67] . In our model, we do not consider this latter case to avoid very large values of c 2 s in the early cosmological epoch.
After the dominance of the second potential on the rhs of Eq. (6.16), the solutions exit from the scaling matter era (d) to the epoch of cosmic acceleration driven by the point (c). In the presence of non-relativistic matter, the eigenvalues of the point (c) are given bŷ
For µ 1 and q 1 , q 2 ≪ 1, it is clear that bothκ
1 and κ (c) 2 are negative. Hence, the solutions finally approach the accelerated attractor (c) withŵ eff close to −1 for µ 2 ≪ 1 (see Table I for the value ofŵ eff ).
In summary, for the potential (6.16) with µ 1 10 and µ 2 1, the background cosmological sequence in the EF is as follows: (i) scaling radiation point (d) with w = 1/3 and µ = µ 1 , → (ii) scaling matter point (d) with w = 0 and µ = µ 1 , → (iii) accelerated point (c) with µ = µ 2 .
Jordan frame
The background dynamics in the JF can be known by using relations for physical quantities between the two frames. We define the dimensionless quantities 37) where the field density parameter is given by Ω DE = 1 − Ω m . On using Eqs. (3.27), (6.10), (6.12), and (A1), we obtain the following correspondence
(6.39) The slow-roll parameter ǫ H ≡ −Ḣ/H 2 , which is associated with the effective equation of state w eff in the JF as w eff = −1 + 2ǫ H /3, satisfies the relation
The slope λ defined in Eq. (6.37) is related to the slope µ in the EF, as
Using the above correspondence, one can readily translate the background cosmological dynamics in the EF to that in the JF. In the JF, the fixed point (d) in Table I corresponds to
The fixed point (c) translates to
The quantity q 2 disappears after the transformation from the EF to the JF, which reflects the fact that the factor F 2 is absent in the background equations (6.18)-(6.20).
The stability of fixed points should be independent of the values of q 2 . Substituting Eq. (6.41) into Eqs. (6.33)-(6.36), it follows that the numerators of the eigenvalues do not contain the term q 2 . In the denominators there are still q 2 -dependent terms, but they are simply associated with the transformation of the number of e-foldings, i.e.,
The evolution of homogenous perturbations δx j ∝ eκ jN (j = 1, 2) in the EF translates to the JF evolution proportional to e κj N , where
. On using the index κ j , the q 2 dependence in the denominators ofκ j vanishes identically. Provided the rhs of Eq. (6.48) is positive, which is the case for q 1 , q 2 ≪ 1 and |x 1 | 1, the stability conditions of fixed points are identical to each other in the two frames.
The above discussion shows that, in the JF, the scaling radiation fixed point (d) with w = 1/3 and λ = λ 1 is followed by the scaling matter point (d) with w = 0 and λ = λ 1 , and then the solutions finally approach the point
C. Perturbations and matter-scalar couplings
We consider the evolution of cosmological perturbations and the resulting matter-scalar coupling in the presence of non-relativistic matter satisfying P = 0 and δP = 0. In what follows we shall focus on the case where
under which c 2 t is constant. Then, at the background level, the coupling (6.23) reduces to
The quantity ω H in Eq. (6.39) reads
In the EF, the gauge-invariant matter density contrast is defined by Eq. (4.44). Sinceδ = δ andV m = (1+ω H )V m ,δ m is not equivalent to δ m . For the perturbation deep inside the Hubble radius the velocity potential V m is much smaller thanδ, so the difference betweenδ m and δ m is small. We introduce the effective gravitational couplingĜ eff in the EF, as Using the relation (5.21) as well as the approximation δ m ≃ δ m for the perturbations deep inside the Hubble radius, we can rewrite Eq. (6.52) of the form (k 2 /a 2 )Ψ ≃ −4π(Ĝ eff /F 1 )ρδ m . Hence, the effective gravitational coupling G eff in the JF is related toĜ eff , as
The above discussion shows that, onceΨ g is known by solving the perturbation equations in the EF, the gravitational potential Ψ and the resulting matter-scalar coupling G eff in the JF are determined accordingly. 
The anisotropy parameter η in the JF generally differs from 1 due to the presence of the perturbationχ.
Einstein frame
Let us study the evolution of perturbations in the EF during the scaling matter and accelerated epochs. From Eqs. (4.37)-(4.42) we obtain the perturbation equationŝ
59)
60) 63) whereK ≡ k/(âĤ). Taking theN derivative of Eq. (6.62) and using other equations of motion, the velocity potentialV m obeyŝ
where ). For the theories with q = 0, as long as the homogenous solution is initially suppressed relative to the special solution, it was found in Ref. [55] that the perturbations χ, ζ, and V m in the JF stay nearly constant during the scaling matter epoch. As we confirm later numerically, this is also the case for q = 0. At the scaling fixed point (d) with w = 0 and µ = µ 1 , the ratioΩ m /x Let us derive solutions along whichζ andχ stay nearly constant in the scaling matter era. Settingζ ′ ≃ 0 and χ ′ ≃ 0 in Eqs. (6.59) and (6.60), respectively, we obtain 
73)
for the fixed point (d) with w = 0. The effective gravitational couplingĜ eff during the scaling matter epoch readŝ
74) where the term 2q 2 arises in BD theories after the conformal transformation to the EF [67] . The last term on the rhs of Eq. (6.74) does not vanish for c For the perturbations deep inside the Hubble radius, the rhs of Eq. (5.19) can be neglected relative to the lhs of it. Then, during the scaling matter era, the matter perturbation obeyŝ
Provided that µ ≫ q, there is a growing-mode solution to Eq. (6.75), For q = 0 and c 2 t = 1, the quantityĝ is different from 1. As long as q ≪ 1 and µ ≫ q, the deviation ofĝ from 1 is small, so the analytic formulas (6.68)- (6.71) are approximately valid in the scaling matter era. The perturbationsχ andζ start to vary after the Universe enters the epoch of cosmic acceleration, in which regime the analytic solutions (6.68)-(6.71) are no longer valid.
In Fig. 1 we plot the evolution of perturbationsζ,χ, V m ,δ N /N , and −Ψ (=Φ) for the model parameters q = 0.1, c the initial value ofV m close to the special solution (6.67) withζ ′ ≃ 0 andχ ′ ≃ 0 for the normalized wave number K = 30.
All the perturbations shown in Fig. 1 stay nearly constant during the scaling matter era. We also confirmed that the analytic formulas (6.68)-(6.72) are in good agreement with numerically integrated solutions in the scaling regime. For sub-horizon perturbations (K ≫ 1), the choice of different wave numbers k only modifies the amplitudes of perturbationsχ,ζ,V m are suppressed relative toχ andζ because of the conditionsx 1 ≪ 1 and q ≪ 1. The Universe finally enters the epoch of cosmic acceleration driven by the fixed point (c) with µ 2 = λ 2 − 4q. As we see in Fig. 1 , the perturbations start to vary after the onset of cosmic acceleration.
Numerically, we also compute the gravitational potentialΨ g and the resulting effective gravitational couplinĝ G eff from the definition (6.52). In Fig. 2 the evolution of G eff /G is plotted for four different values of q and c in the JF, so the anisotropy parameter η is different from 1.
In the limit c 
, and
83)
In the limit q → 0 (i.e., ω H → 0), we use the approximations ǫ H ≃ 3/2 and Ω m ≃ 1 during the scaling regime and eliminate the term x distortions in galaxy clusterings. Note that the growth rate f (z)σ 8 (z) can be also measured by using only the peculiar motions of galaxies in the low redshift [85, 86] . The initial condition of δ m is chosen such that its amplitude today is equivalent to σ 8 (0) = 0.82 [87] . During the scaling matter era, we have numerically checked that G eff is well described by Eq. (6.82). When q = 0 and c 2 t = 0.5 we have G eff ≃ 1.03G from Eq. (6.86), whereas, for q = 0.1 and c 2 t ≃ 1, G eff ≃ 1.02G/F 1 from Eq. (6.84). For larger q with a given value of c 2 t ( = 1), the onset of growth of G eff occurs at later cosmological epochs. In fact, Fig. 4 shows that the values of f (z)σ 8 (z) for c 2 t = 0.5 tend to be smaller with increasing q in the low-redshift regime. For c 2 t close to 1, the variation of G eff is small by the present epoch (see Fig. 2 ). In this case, G eff is approximately given by Eq. (6.84) even around today.
In Fig. 4 we also plot the recent data of f (z)σ 8 (z) constrained by the redshift-space distortion (RSD) measurements. Using the bound on σ 8 (0) from the Planck data [87] , the RSD data tend to favor the growth rate of δ m lower than that predicted by GR [57] . In Fig. 4 , such a property can be also observed in our model where G eff is slightly larger than G. The recent 6dF galaxy surveys using only the peculiar motions of galaxies provided the constraint f (0)σ 8 (0) = 0.415 ± 0.065, which is consistent with the four cases shown in Fig. 4 . It remains to see how future RSD and peculiar velocity measurements will pin down the error bars of f (z)σ 8 (z).
We have thus clarified the evolution of observables associated with the measurements of CMB, redshift-space distortions, and weak lensing by transforming back from the EF to the JF. Since the EFTCAMB code [88] for modified gravity theories is written in the JF, our results in this section can be used to place observational constraints on the model (5.22) with the functions (6.1). Since the staring point of coupled scalar-field models (including coupled quintessence [67] , chameleons [6] , and disformally coupled models [31] - [34] ) is usually assumed to be the EF, our analysis in the EF is also useful to constrain coupled dark energy models with c 2 t different from 1. We leave observational constraints on such models for a future work.
VII. CONCLUSIONS
In the presence of matter, we have studied cosmological disformal transformations in a generalized class of Horndeski theories (GLPV theories). In these theories there is one propagating scalar degree of freedom φ coupled to the metric g µν in the JF on the flat FLRW background. Even if matter is minimally coupled to gravity in the JF, the matter sector feels the modification of gravity through the change of gravitational potentials mediated by the field φ.
The structure of the Lagrangian in GLPV theories, which is given by Eq. (2.4) in the unitary gauge, is preserved under the disformal transformation (1.1), while the matter Lagrangian contains a coupling with the field φ and its derivatives in the transformed frame. Thus, the matter-scalar interaction becomes explicit after the disformal transformation. In Sec. III we clarified how the energy-momentum tensor of matter and associated background/perturbed quantities are mapped under the disformal transformation.
In Sec. IV we have derived the background and linear perturbation equations of motion in both the JF and the transformed frame. In the transformed frame, the coupling Q in Eq. (4.36) arises for the matter continuity Eq. (4.35) at the background level. The matter perturbation Eq. (4.13) in the JF is also transformed to the more involved Eq. (4.41) due to the matter-scalar interaction, while the structure of other perturbation equations is not subject to change.
In Sec. V we discussed the transformation from the JF to the EF in which the second-order action of tensor perturbations is of the same form as that in GR. Under the choice (5.5) of the factors Ω and Γ, the Bardeen potentialsΨ andΦ in the EF obey the "de-mixed" relation (5.16) . If the action in the EF belongs to a class of Horndeski theories (α H = 0), there is no anisotropic stress betweenΨ andΦ.
The non-relativistic matter density contrastδ m obeys the differential Eq. (5.19) in the EF, whereΨ g is the effective gravitational potential given by Eq. (5.20). In the EF, it becomes transparent that the variations of Ω and C t as well as the deviation of C 2 t from 1 lead to the modification of gravitational interactions with matter perturbations. The gravitational potential Ψ in the JF is simply related toΨ g , as Ψ = C 2 tΨ g . In Sec. VI we proposed a concrete model of dark energy in which the coupling between matter and the scalar degree of freedom φ is manifest after the disformal transformation to the EF. For the field potential (6.8) with λ 1 10 and λ 2 1, there exist scaling solutions corresponding to radiation and matter eras followed by an attractor with the cosmic acceleration. At the background level, the disformal transformation to the EF gives rise to the term q 2 associated with the function B 4 , but we showed that the stability of fixed points is independent of q 2 . This reflects the fact that the background equations in the JF do not contain the function B 4 .
We also studied the evolution of linear cosmological perturbations from the matter era to today for the case q 1 = q 2 . In the EF we derived the second-order equation of the velocity potentialV m and identified the special solutionV m |, we obtained analytic solutions of perturbations whereζ andχ stay nearly constant. On using these solutions, we derived the effective gravitational potentialΨ g of the form (6.73) during the scaling matter era. The coupling q and the deviation of c 2 t from 1 lead to the gravitational couplingĜ eff modified from that in GR.
Once the evolution of perturbations is known in the EF, it is straightforward to transform it back to that in the JF by using the correspondence (6.57)-(6.58) and (6.77)-(6.78). WhileΦ = −Ψ in the EF for the Lagrangian (5.27), the fieldχ generates the anisotropic stress in the JF such that η = −Φ/Ψ = 1. For subhorizon perturbations the effective gravitational coupling G eff in the JF is related toĜ eff in the EF as G eff ≃ G eff /F 1 , so the growth rate of matter perturbations in the JF is known accordingly.
We have analytically estimated η and G eff during the scaling matter era and confirmed that they are in good agreement with numerical results before the onset of cosmic acceleration. We also numerically computed the evolution of f (z)σ 8 (z) by transforming back from the EF to the JF. As we see in Fig. 4 , it is possible to distinguish between the models with different values of q and c 2 t observationally.
We have thus shown that the disformal transformation is useful for understanding gravitational interactions with matter mediated by the scalar field. After transforming to the EF, the background and perturbation dynamics in the JF are readily known by using the correspondence of physical quantities between the two frames. We can apply our results to observational constraints on dark energy models in the framework of GLPV theories. Moreover, our analysis in the EF is useful for constraining coupled dark energy models in which the starting point is the EF Lagrangian with matter-scalar couplings.
While we focused on the cosmological set up, it is of interest to extend the disformal transformation to general space-time including the spherically symmetric background. This should help us to understand the nature of matter-scalar couplings in local regions of the Universe. In particular, the derivation of the effective gravitational coupling around a compact body (like the Sun) will be important to place constraints on theories beyond Horndeski from local gravity experiments.
We show relations for the quantities connected through the disformal transformation. The background quantities are transformed aŝ
For the quantities associated with perturbations, we havê
